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a b s t r a c t
In this paper, we are concerned with coupled Volterra integral equations for rigid bodies
in the frame of the Hertz contact model. Considering an appropriate integral operator
as the variable of the matrix polynomial, a λ-matrix corresponding to the Hertz model
is determined. Knowledge of the Smith decomposition forms of the λ-matrices enables
us to characterize a single integral equation which recovers the normal stress as well as
the compliance factor. The presented model shows a reliable behavior and an acceptable
accuracy of the λ-matrix approach in comparison to the recent results in the literature.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Contact mechanics is the study of the deformation of solids that touch each other at one or more points. Classical contact
mechanics is most notably associatedwith Heinrich Hertz. The physical andmathematical formulation of the subject is built
upon the mechanics of materials and continuummechanics and focuses on computations involving elastic, viscoelastic and
plastic bodies in static or dynamic contact.
It is well known that the contact force between two elastic bodies can be computed through the Hertzian classical
model [1]. The elastic contact problem with the Coulomb friction law in the region of contact can be formulated in
various models which generally require different numerical methods for their solution. In 1968, Spence [2] obtained the
mathematical solution of the elastic contact problem in the case of fully adhesive contact for indentors of polynomial shape.
Finite friction between the surfaces in contact is more realistic than complete adhesion. With this practical assumption,
in 1971, Noble and Spence proposed an integral equation formulation for the Hertz contact problem [3]. A minimization
problem with a complementarity constraint has also been considered for a variational inequality formulation in terms of
stress and displacement [4]. In 1982, Bryant and Keer [5] computed the complete solution in the whole half-space for the
field of stresses and displacements. Alternative solutions for contact problemwere also given by Sackfield and Hills in [6,7],
and Kikuchi and Oden in [8], using a finite element method. Moreover, in [9,10] some algorithms have been developed for
solving the dynamic contact problems.
This paper is concerned with the integral equation formulation of the Hertz contact problem, which was first proposed
in [3]. Spence suggested an iterative numerical methodwith the unknown free point of separating slip from no slip [11], and
recently, Gauthier et al. [12] analyzed the problem with the mixed linear complementarity problem directly by solving in
terms of the stress and displacement for the unknown free point. The aim of this paper is to present an efficient procedure
for solving the problem, which is mainly connected with the λ-matrices. The connection of the λ-matrix equation and the
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system of integral equations is determined and a constructive method for solving the contact problem will be given based
on the Smith form of the corresponding λ-matrix.
λ-matrix is one of the most interesting topics in the numerical linear algebra which was studied by several authors [13,
14], especially with regard to its applications such as investigation of singular equations [15], eigenvalues of matrix
polynomials [16], signal processing [17] and analysis of linear feedback systems [18]. The factorization of λ-matrices also
has various applications, the most common one involves solving the system of differential equations [13,19]. Another
important application of the Smith form concerns the study of the algebraic structural properties of systems in linear control
theory [19–21].
The organization of the paper is as follows. Section 2 is devoted to the formulation of the Hertz contact problem as a
system of coupled integral equations, which is the same model as described in [12]. In this model, the normal compliance
of the surface is the main topic of our analysis. Then, supposing the integral operators as the variables of a multivariable
λ-matrix, a λ-matrix equation is derived, and a procedure based on the decomposition form of λ-matrices is constructed.
Themain idea, which is designed to copewith themultivariable λ-matrices, is proposed in Section 3. Using this formulation,
an independent integral equation for investigating the normal stress as well as the normal compliance factor is obtained.
Finally, in Section 4, some numerical results are reported which confirm the theoretical results of the paper, as well as the
existing results reported in [11,12].
2. The Hertz contact problem
In this section, the mathematical model of the Hertz contact problem is developed and an equivalent λ-matrix equation
is obtained. (Further details regarding the analysis of the considered model can be found in [12]). We will show that using
the λ-matrix decomposition, an independent integral equation for the model is derived.
2.1. Formulation as a system of integral equations
In continuum mechanics, stress is a measure of the internal forces acting within a deformable body. Quantitatively, it
is a measure of the average force per unit area of a surface within the body on which internal forces act. These internal
forces are produced between the particles in the body as a reaction to external forces applied on the body. A shear stress
is defined as a stress which is applied parallel or tangential to a face of a material, as opposed to a normal stress which is
applied perpendicularly. In the case ofHertzian indentation, a systemof coupledVolterra integral equations is formulated for
normal and shear stress. To handle the surfaces at the contact, we apply an approach defining the surfaces using equations
with constraints. When two solid surfaces are brought into close proximity of each other, they experience attractive forces
between molecules. Physically, a realistic assumption is to suppose a finite coefficient of friction µ between the surfaces in
contact.
This paper discusses the integral equation formulation of the punch indentation problem (with partial adhesion). The
Coulomb friction law with coefficient µ in the region of contact is assumed to be satisfied with no slip occurring over the
central circle, in which the radius c separates the zones of adhesion and slip. There is just one solution which provides a
unique relation between the three parameters c, µ and γ = (1 − 2ν)/(2 − 2ν), where ν is the Poisson ratio (for more
details see [12]).
Following [22], we recall that when calculating local contact pressures, an elastic body can be regarded as an elastic
half-space, so we consider an elastic half-space z > 0. Suppose that normal force p is applied monotonically to a rigid
axisymmetric punch resting on an elastic half-space, starting from a state of zero stress. Gauthier et al. [12] derived the
following coupled Abel’s equations as a characterization of the Hertz contact problem with finite friction in terms of p and
q, normal and shear stress, respectively:
 1
x
tp(t)√
t2 − x2 dt − γ
 1
0
q(t)dt − x
 x
0
q(t)√
x2 − t2 dt

= 1,
γ
 x
0
tp(t)√
x2 − t2 dt − x
 1
x
q(t)√
t2 − x2 dt +
1
x
d
dx
 x
0
t2u(t)√
x2 − t2 dt

= 0.
(2.1)
According to [11], the problem reduces to the solution for p and q on the interval (0, 1). We look for a solution in which
no slip takes place over a central circle (0, c), where (c < 1). Determining a relation between µ and γ for a fixed c is
straightforward, and the existence of a unique point c has been proved in [11]. The complementarity conditions are derived
as follows.
u(x) = 0 and q(x)− µp(x) < 0, x ∈ [0, c),
u(x) < 0 and q(x)− µp(x) = 0, x ∈ [c, 1], (2.2)
while in the outer annulus (c, 1) slip takes place inward.
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When no slip takes place, according to the conditions (2.2), the system of integral equations (2.1) can be written in the
following coupled system of Abel integral equations of the first kind:
 1
x
tp(t)√
t2 − x2 dt − γ
 1
0
q(t)dt − x
 x
0
q(t)√
x2 − t2 dt

= 1,
γ
 x
0
tp(t)√
x2 − t2 dt − x
 1
x
q(t)√
t2 − x2 dt = 0.
(2.3)
The existence and uniqueness results of the system (2.3) on [0, c) can be obtained from the existence of the solution of
(2.1) on [0, 1] which is given in [11]. Now, on the interval [c, 1], the system of integral equations (2.1) together with (2.2)
can be reduced to a single equation in terms of the normal stress p(t) as follows. 1
x
t − γµ√t2 − x2√
t2 − x2 p(t)dt + γµ
 x
0
x−√x2 − t2√
x2 − t2 p(t)dt = 1. (2.4)
Substitution of the solution p(x) gives an equation for the corresponding shear stress q(x). Finally, the normal compliance
of the surface can be written in terms of a dimensionless compliance factor
p∗ = π
2
 1
0
xp(x)dx. (2.5)
Note that without having to solve the system completely, we only need to compute the normal stress p which provides
an expression for the normal compliance of the surface, and is of our special interest.
2.2. The λ-matrix equation
The Abel integral equations of the Hertz contact problem (with finite friction) can be transformed to a λ-matrix equation
through an appropriate choice of the variable. The variables of the multivariable λ-matrix will be chosen according to the
integral operators of the system (2.3):
(κ1f )(x) =
 1
x
t√
t2 − x2 f (t)dt,
(κ2f )(x) = −γ
 1
0
f (t)dt + γ
 x
0
x√
x2 − t2 f (t)dt,
(κ3f )(x) = γ
 x
0
t√
x2 − t2 f (t)dt,
(κ4f )(x) = −
 1
x
x√
t2 − x2 f (t)dt.
(2.6)
We can therefore define a two-dimensional λ-matrix corresponding to the system as follows.
A(λ) =

κ1 κ2
κ3 κ4

, (2.7)
where λ stands for the variables (κ1, κ2, κ3, κ4). In this formulation, the system can be written in terms of a single λ-matrix
equation A(λ)X = G, where A(λ) is shown in (2.7), G = [1, 0]T is the constant vector on the right hand side of the equation
and X = [p, q]T is the unknown vector to be determined.
3. The λ-matrix approach
In this section, we develop an alternative integral formulation which allows us to construct a single integral equation by
using the decomposition form of the λ-matrix. Before we discuss this issue further, we give some preliminaries regarding
the λ-matrix concepts from [13,14].
Let F be a field, λ an indeterminate and F [λ] the polynomial ring over F . A matrix, whose elements are polynomials
of λ, is called matrix polynomial or λ-matrix. LetMm,n(F [λ]) be the set of allm× n λ-matrices and GLk(F [λ]) the set of all
k× k invertible λ-matrices. We now review some well-known results from matrix theory that we need here.
While attempting to derive a numericalmethod, we should assume the integral operators as the variables of the λ-matrix
to be commutative. The characterization of the λ-matrices can be extended to the multivariable λ-matrices in which the
principal variable is considered as the variable that emerges in practice among all of the variables. Now, using canonical
form, we will show that under certain suitable conditions, the desired solution of the λ-matrix equation can be obtained
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explicitly. In fact, a λ-matrix can be transformed into the canonical diagonal form by elementary transformations i.e. for any
A(λ) ∈ Mm,n(F [λ])with rank r , there exist U(λ) ∈ GLm(F [λ]),V(λ) ∈ GLn(F [λ]), and r polynomials f1(λ), . . . , fr(λ) such
that
Dm,n(f1(λ), . . . , fr(λ), 0, . . . , 0) = U(λ)A(λ)V(λ),
where fj(λ)|fj+1(λ) for j = 1, . . . , r − 1 and fj(0) ≠ 0 for j = 1, . . . , r (see [23,13] for further details).
Let us consider the λ-matrix equation inM2,2(F [λ]) of the form:
A(λ)X = G,
where A(λ) ∈ M2,2(F [λ]) is a λ-matrix, G is a given vector function and X is the unknown vector in a two-dimensional real
vector space to be determined. The solution of the operator system is defined explicitly by X = V(λ)Y, where
D(λ)Y = U(λ)G. (3.1)
This procedure can be carried out to give the structure of a successful direct method for a coupled system of Volterra
integral equations (2.3). We first mention the transformation of the λ-matrix to the canonical form, then applying the
described method, we obtain an equivalent single integral equation for the normal stress.
In our considered problem, under the assumption of the commutativity of the variables, we get the decomposition form
of the λ-matrix (2.7) in the following form:
U(λ) =

0 1
κ4 −κ2

, D(λ) =

κ24 0
0 (κ4κ1 − κ2κ3)κ4

, V(λ) =

0 κ4
κ4 −κ3

. (3.2)
The second equation of the system (3.1) is in the form
[κ4κ1 − κ2κ3]κ4y2 = κ4g1 − κ2g2.
Replacing the first equation of X = V(λ)Y as x1 = κ4y2, we can make the following operator equation:
[κ4κ1 − κ2κ3]x1 = κ4g1 − κ2g2,
and after some manipulation involving combination of the operators defined in (2.6), the normal stress can be computed
from the following integral equation: 1
x
 1
t
−xs
(t2 − x2)(s2 − t2)p(s)dsdt + γ
2
 1
0
 t
0
s√
t2 − s2 p(s)dsdt
− γ 2
 x
0
 t
0
−xs
(t2 − x2)(s2 − t2)p(s)dsdt = x Ln(x)− x Ln(1+

1− x2). (3.3)
The method deals with transformation of a coupled Volterra integral equations to an equivalent two dimensional
reduced equation. An inspection of the above numerical approach shows that it can provide reasonable results for the Hertz
problem. We should emphasize that the derived Eqs. (2.4) and (3.3) contain one variable, and solving these equations can
be considered superior to the other methods for obtaining the solution of the system of integral equations (2.1) directly.
The following algorithm summarizes the proposed λ-matrix approach for the Hertz contact problem:
Algorithm: The construction of the normal stress of the Hertz contact problem (2.1) together with the
complementarity conditions (2.2) on [0, 1]
Considering the parameter c as the separating point of slippage, subdivide the problem in two cases:
Case I. On the interval [c, 1], set q(x) = µp(x), and compute the solution of (2.4).
Case II. On the interval [0, c), set u(x) = 0, and consider the following steps to compute the solution of (2.3):
Step 1. Choose the integral operators (2.6) as the variable of the λ-matrix (2.7).
Step 2. Compute the Smith form of the λ-matrix (2.7) as the decomposition (3.2).
Step 3. Solve the reduced system D(λ)Y = U(λ)G for the vector Y.
Step 4. Compute the unknowns from the equation X = V(λ)Ywhich leads to the single equation (3.3) for the normal
stress p(t).
Step 5. Compute the dimensionless compliance factor (2.5).
For implicit schemes, a system of coupled integral equations is required to be solved. However, by using the canonical
form, which eliminates one of the unknown functions in the system, it is straightforward to construct schemes for solving
single equations with higher order.
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Table 1
The absolute errors of the compliance factor for the known parameters corresponding to ν = 0 and 0.25.
µ i ν = 0 ν = 0.25
Parameters (ci) Absolute errors (ei) Parameters (ci) Absolute errors (ei)
0.1387
1 – – 0.3000 1.88015E−7
2 0.0750 6.80006E−8 0.3083 1.20242E−7
3 0.0913 1.69129E−7 0.3028 3.23468E−7
0.1801
1 – – 0.5000 2.48876E−7
2 0.1750 1.04935E−7 0.5083 1.00765E−6
3 0.2041 1.37615E−7 0.5083 1.00765E−6
0.2063
1 0.2400 2.2002E−7 – –
2 0.2417 1.59593E−7 0.6083 5.12846E−7
3 0.2739 1.76297E−7 0.6124 1.11911E−6
0.2843
1 – – 0.8000 1.20263E−6
2 0.4750 4.58949E−7 0.8083 1.60851E−6
3 0.4743 5.65967E−7 0.8010 4.39039E−8
0.2986
1 0.5000 4.34106E−7 – –
2 0.5083 5.07090E−7 0.8250 3.24977E−7
3 0.5083 5.07090E−7 0.8317 1.72124E−6
0.4013
1 0.7000 8.56907E−7 – –
2 0.7083 8.90841E−7 0.9250 7.51138E−7
3 0.7072 7.85729E−7 0.9265 2.60736E−6
0.4862
1 0.8000 2.49809E−6 – –
2 0.8083 1.83370E−6 0.9750 2.27621E−7
3 0.8010 1.88343E−7 0.9618 7.13191E−7
Table 2
The absolute errors of the compliance factor for different parameters c and µ.
ν Absolute errors
c µ c µ c µ
0.24 0.2063 0.5 0.2986 0.7 0.4013
0 2.03110E−7 5.43533E−7 1.25759E−6
0.125 1.47628E−7 3.14373E−7 1.25759E−6
0.25 8.61150E−8 5.06974E−7 4.22542E−7
0.375 2.21204E−7 7.42386E−8 3.91238E−8
4. Numerical experiments and some comments
The described algorithm considers the Hertz contact problem under the assumption of Coulomb friction with coefficient
µ in the region of contact. Then, it computes the normal stress, as well as the compliance factor of an elastic interaction.
We work with the same conditions as [11,12]. Our numerical experiments show that the normal stress calculated by the
λ-matrix approach gives a relatively satisfactory error when compared with the exact Hertzian model at long simulation
times. Clearly, our proposed method considerably simplifies the computation of the normal stress compared with the given
algorithm in [12], while the single equations can be solved by any spectral method.
In the proposed algorithm, the normal contact force includes the profile of the normal stress p and the tangential shear
stress q computed by substituting the normal stress in the system. To validate themethod of this paper, a comparison for the
compliance factor is made between the λ-matrix approach and the exact solutions given in [11]. Moreover, the coefficient
c , the point where adhesion terminates and slippage commences, can have various values for different cases of contact. Its
values should be calculated from numerical or, even better, physical experiments.
Concerning the computational efficiency of the method, we note that the algorithm has been compared for a limited
range of the parameters ν, µ and c given in [12,11]. We should mention that in Table 1, c1 represents the limited values
of c obtained by Spence [11], and c2, c3 refers to the values of c obtained by Gauthier et al. [12] with transformed and
untransformed variables, respectively.
The behavior of the errors in Tables 1 and 2 can be explained through the fact that the solutions of the single equation are
more accurate than the solutions of the system. We conclude that starting division of the interval [0, 1] by the parameter
c togethers with an appropriate method for applying the λ-matrix properties appears to be a useful tool for the numerical
computation of the solution of the integral equation systems.
In Table 2, an accuracy test is also provided by the case of the compliance factor, for whichµ and c can be obtained from
the results of [11], and the calculation was carried out for ν = 0, 0.125, 0.25 and 0.375.
The numerical experiments show that the compliance factor of the compared vectors coincide to a very high degree of
accuracy over the entire simulation period. The maximum errors confirm the effectiveness of the proposed method.
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5. Concluding remarks
The integral formulation of theHertz contact problemwith finite friction has been completely characterized in this paper.
This problem was formulated as a system of integral equations, and the proposed algorithm was used to convert it to a λ-
matrix equation. Thereby providing a matrix polynomial to the problem, as well as its Smith factorization gives an efficient
approach for finding its solution. Actually, the referredmatrix polynomial transforms the system to a single integral equation
which yields the compliance factor. In future study, we will discuss rules and heuristics for choosing the general integral
operator that should be used to determine a λ-matrix corresponding to the system. It seems clear that more experiments
are necessary to establish guidelines, particularly when there are several choices of integral operators. The extension of the
results for system of nonlinear integral equations, which happens more in natural phenomena, could be also the purpose of
the future work.
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